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1. Pliicker Coordinates

A 3D line can be described by a Pliicker matrix L = QPT — PQT =

0 @1P2 — @2P1 G1P3 — q3P1 q1P4 — a1
q2P1 — q1P2 0 G2P3 — G3P2  q2P4 — Gap2 1
g3p1 — q1P3  43P2 — G2P3 0 q3P4 — q4P3
¢aP1 — q1Pa aP2 — Q2P4  ¢aP3 — G3Pa4 0

where P = [p; pa p3 p4]T and Q = [g1 ¢2 g3 q4]" are the homogeneous representations of two distinct 3D points on the line.
Since L is skew-symmetric, it can be represented simply by a Pliicker vector £ consisting of its 6 distinct non-zero elements

I q1p2 — G2p1
la q1P3 — g3p1
r— || = |©Pa—aap1| @)
ls G2p3 — q3p2
Is q3p4 — q4P3
lg qap2 — G2P4

_ Dually, a matrix L can be constructed from two distinct planes with homogeneous representations P and Q asL = Qf’T —
PQT. The dual Pliicker vector can be constructed directly from L or by rearranging the elements of £ as

L=1l51lglyl31 12" 3)

Let A = [a; a2 a3]T and B = [b; by b3]T be two distinct 3D points in Cartesian coordinates. Geometrically, the line
defined by these points can be represented by a direction vector w = (A —B) = [l3 — Il I5]T and a moment vector
v= (A xB)=][ly —Iy14]", which define the line up to a scalar factor.

Two 3D lines £ and £’ can either be skew or coplanar. The geometric requirement for the latter case is that the dot
product between the direction vector of the first line and the moment vector of the second line should equal the negative of
the dot product between the direction vector of the second line and the moment vector of the first line. Let the two lines have
direction vectors w, w’ and moment vectors v, v/, respectively. They are coplanar (i.e., either coincident or intersect) if and
only if

wV+rv- W =0sL-L =0. 4)

Note that a Pliicker vector is not any arbitrary 6-vector. A valid Pliicker vector must always intersect itself, i.e.,
L-L =0« det(L) =0. 5)

2. Camera projection matrix vs. line projection matrix

Here we show the details for the conversion between camera projection matrix and the line projection matrix. First,
consider the case of transforming a point projection matrix to its equivalent line projection matrix. Referring to Fig. 3 in our
main paper, the plane P;.X = 0 is defined by the camera center and the line © = 0 in the image plane. Similarly, P, X = 0
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is defined by the camera center and the line v = 0 in the image plane. Finally, the plane equation P3,X = 0 holds for all
points with pixel coordinates s = 0. We can obtain the i-th row of P by the intersection of rows j and k of P, i.e.,

Pi1 Pj3Pk4a — DjaDPk3
Pi2 DjaPr2 — Pj2Pk4
ng _ /)zis _ (71)(#1) pg:ﬂ?kg :p]:SPkZ 7 (6)
Pi4 Dj1Pka — PjaPk1
Pis Pj1Pk2 — Pj2Pk1
Pi6 Pj1Pk3 — Pj3Pk1

where P, is the i-th row of P, P;, is the i-th row of P, i # j # k € {1,2,3} and j < k. Note that P\, is the dual Pliicker
vector of ( —1)i+1(P;-f* APZL.), i.e., the intersection of the j-th with the k-th row of P. The sign here controls the order of

intersection, i.e., (P;r* APE)=—(PL A PJT*) Dually, we can obtain the i-th row of P by the intersection of rows j and k
of P, which results in the homogeneous plane

P;l; _ (_1)(i+1) -wj X W

| Vi Wk
[ Pi5Pk6 — Pj6Pk5 : )
= (—1)6+D Pj5Pk3 — Pj3Pk5

Pj6Pk3 — Pj3Pk6
| Pj4Pk3 + Pj2Pke + Pj1Pks

where again i # j # k € {1,2,3} with j < k, w; is the direction vector of PjT* and v; is the moment vector of PjT*.

3. Plane Pose Estimation from Reflection Correspondences

As in Section III,we can obtain the solution space spanned by two vector basis, d; and d,. W is then parameterized as

W =a(d; + fdy), (3)

where
di = (di, df, d3, -+, d7"), 9)
dy = (db, d3, d3, -+, d3%). (10)

The definition of W, A and B are recollected in detail as follows

W = [A1. Az As. Bi, Bo. Bs. Na. Ma.]™ (11)
A=NI My, — NI M, (12)
B = NEMa, — NEMs,. (13)
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According to the element-wise equality between (8) and (11), we have

Aq1 =nzimip —niimz =« (dl + Bdg) (14)
A1z = nzimiz — niimze = (d2 + de) (15)
A1z = nz1mi3z —niimsas = (d3 + Bdg) (16)
Azl = ngami — niamsz) = (d4 + 5614) (17)
Agg = nzamiz — niamzy = (d5 + Bds) (18)
Agz = nzami3z — niamazs = (dﬁ + 5616) (19)
A3l = nzzmip — nizmsz; = (d7 + 5617) (20)
Az = nzzmiz — nizmszy = (ds + Bdg) (21)
A3z = nzzmi3z — nizmas = (dg + Bdg) (22)
B11 = ng1imao1 —noims; = « (dlo + Bd} ) ) (23)
Bia = ngimaoz —noimsz = (dll + Bdj ) ) (24)
Bi3 = nz1masz —noims3z = (d12 + 5d12) ) (25)
Ba1 = ngamao1 — noagms; = (d13 + Bdj ) ) (26)
Bay = ngamaz — nogmsz = (d14 + Bdj ) ) (27)
Bas = ngama3 — noagmsz = (dlo + Bd3 ) ) (28)
Bs1 = ng3mao1 — nagms; = (d16 + Bdj ) ) (29)
B3y = ng3maz — nagmsz = (d17 + Bdj ) ) (30)
Bss = n33mao3 — nagmsz = (dlg + 5d18) ) (31)
ng = a (di’ + Bdy’) , (32)
ngs = a (di® + 5d20) , (33)
o (df' + Bd3'), (34)
ma1 = o (df? + Bd3?), (35)
maz = o (d}° + Bd3?), (36)
= a (di' + Bd3") . (37)
Combining (14), (16), (20), and (22), we obtain
ng1Az1maz — na1 Azzmsr — n3zA11mas + ngzAizmsr = 0. (38)
Rewriting (38) in terms of elements of d; and d, gives
o (di? + Bdy?) (df + Bd3) (di* + Bd3?)
—a® (d}” + Bdy?) (d} + Bd3) (di* + Bd3?) 39

o (d' + Bd3") (di + Bdy) (di* + Bd3*)

o’ (dft + Bd3") (df + Bd3) (di? + Bd3?) = 0.
Note that « is canceled out on both sides of (39) and 3 is the only variable involved in the final polynomial equation, which
can be simply solved using Matlab.

Substituting the obtained 5 in (8), W is reformulated as W = ad, where d = d; + fds = (d4, da, -, d24)T. The
solution of W is in the solution space spanned by only one basis.
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If mg; # 0, (14), (17), (20), (20), (23), (26), and (29) are reformatted as

S —Aq ;3?3177111 _—h J;ch;gmn, w0)
- —Agy ;37:3277111 _ —dy —220322377111 )
- —As; :137:3377%11 _ —dr —l;ZQd;lmll w)
—_— —B1; :-13?”1&3177121 _ —dio —;2§19m217 )
- —Bo :137”1&3277121 _ —di3 -g;jzomgl’ )
- —Ba; :13713377121 _ —dig ;;jmmm- s)

The first two columns of rotation matrices M, A satisfy

2 2 2
niy+ng +ng =1 46
{m%1+m%1+m§1:1 . (46)
Leta = % = %? Substituting (40), (43) and a into (46) gives
—dy 4+ digmi1\> [ —dyo + digmar \°
< 1 19 11) + < 10 19 21> _az (m%1+mgl)_1+a2:0. (47)
d22 d22

From (47), we can obtain

Moy = (dF — 2dydrgmay + d3g — d3, + d3) (48)
21 2d1odqg .

Substitution (48) in (43) and (44), no; and ney can now be expressed in terms of mq;. According to the orthogonality of the
first two columns of A/, we have the following constraint

n11n12 + noinog + n3inzg = 0. (49)

Since (49) has only two unknowns « and m;, we can then represent m;; in terms of .. Let m§ be m; represented in terms
of a, which we can obtain by the Matlab command: m{; = solve (n11n12 + no1ngs + a?digdao, mn). We can similarly
obtain ngy, ng, nfy, msy, ns;, ns,, and nSs. Since the second column of N satisfies n?, + n3, + n2, = 1, « can be solved
by a0 = solve ((71?‘2)2 + (ng,)* + a2d2, — 1, oz). Given « and 5, W can then be obtained. The relative poses for the

reference plane are then extracted.
If mgz; = 0, the above derivation can be further simplified to obtain the results similarly.



